Quantum computing technologies promise to revolutionize calculations in many areas of physics, chemistry, and data science. Their power is expected to be especially pronounced for problems where direct analogs of a quantum system under study can be encoded coherently within a quantum computer. A first step toward harnessing this power is to express the building blocks of known physical systems within the language of quantum gates and circuits. In this paper, we present a quantum calculation of an archetypal quantum system: neutrino oscillations. We define gate arrangements that implement the neutral lepton mixing operation and neutrino time evolution in two-, three-, and four-flavor systems. We then calculate oscillation probabilities by coherently preparing quantum states within the processor, time evolving them unitarily, and performing measurements in the flavor basis, with close analogy to the physical processes realized in neutrino oscillation experiments, finding excellent agreement with classical calculations. We provide recipes for modeling oscillation in the standard three-flavor paradigm as well as beyond-standard-model scenarios, including systems with sterile neutrinos, non-standard interactions, Lorentz symmetry violation, and anomalous decoherence.
The unexpected and Nobel Prize-winning discovery of neutrino oscillations 1 has led to a program of experiment and theory that has shaped our understanding of the role of neutrinos in the Universe. The spontaneous transition of neutrino flavor over macroscopic distances, a phenomenon known as neutrino oscillations due to its periodic behavior, demonstrates that neutrinos have masses that are non-zero but uniquely small. This smallness suggests connections to high-scale physics [2] [3] [4] , and may be related directly to the predominance of matter over antimatter abundances in the Universe 5 . Studies of neutrino oscillations have thus contributed and will continue to contribute greatly to our understanding of nature.
Experiments measure neutrino oscillations by studying a neutrino beam's flavor composition at different energies E and baselines L 6 . Oscillation refers to spontaneous transformation between the three neutrino flavors -ν e , ν µ , and ν τ -during flight. This is due to de-phasing of the neutrino wave functions during propagation due to a misalignment between the flavor and mass bases. In the absence of strong matter interactions, and when two neutrino mass states dominate the oscillation, a sinusoidal flavor variation as a function of L/E is characteristic. For oscillations in matter 7, 8 and with three neutrinos participating, more complex functional forms are observed 9 . Well-studied neutrino sources, in which neutrino flavor changing has been observed, include ν µ andν µ production by decays of charged pions from accelerators 10, 11 or in cosmic-ray air showers 12, 13 , production ofν e by fission in nuclear reactors 14, 15 , and of ν e by nuclear fusion in the Sun 16 . Neutrino oscillations have been shown to violate the Leggett-Gaarg inequality 17 , a time domain version of Bell's classic argument 18 , which illustrates that they are a truly quantum mechanical phenomenon with no possible description in terms of hidden classical variables.
For neutrino oscillations to be observable, quantum coherence between the neutrino mass basis states must be maintained over the flight distance of the neutrino 19 , which in some experiments is thousands of kilometers. Neutrinos are thus very-longbaseline quantum interferometers, and have they been used as such to perform fundamental tests of quantum mechanics 20, 21 and Lorentz invariance [22] [23] [24] , in order to search for evidence of quantum gravity 25, 26 and violations of the equivalence principle 27 . The expected decoherence of oscillating neutrinos via wave-packet separation has been studied theoretically 28 , but not yet observed in experiments.
The apparent ease with which neutrinos avoid decoherence over thousands of kilometers of travel is undoubtedly enviable by the developers of technologies for quantum computing 29 . Quantum processors must maintain coherence between several entangled quantum-bits (qubits) for long durations in order to employ complex quantum algorithms without error accumulation through decoherence or noise. Recently, publicly accessible quantum processors were made available online as part of the IBM-Q project, and these can be used for novel research into quantum processing 30 . Although the technology remains imperfect, with error rates per gate operation of O(0.1%) and per qubit read of O(5%) prohibiting very lengthy calculations, the platform provides a test bed for exploring quantum solutions to computational problems, and finding ways to re-express calculations in the language of quantum circuits. Quantum processors are expected to provide the most immediate benefits for analyzing systems that are fundamentally quantum mechanical in nature 31 . Examples of physics frontiers that may be substantially advanced by quantum computation include modeling in nuclear physics 32 , collective oscillations of neutrinos in supernova explosions 33 , many-body effects in condensed matter systems 34 , and quantum chromodynamics 35 , among others.
In this paper, we present a quantum simulation of neutrino flavor oscillations. After illustrating how to encode the twoneutrino system evolution in a quantum computer with a single qubit, we proceed to implement the less intuitive three-neutrino system realized on a subspace of a two-qubit Hilbert space. The primary challenges involved are the implementation of the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) 6 operation, which relates the flavor and mass neutrino eigenstates, and the time-evolution operator of the system in the computational basis. After testing that our quantum circuit reproduces the quantum neutrino oscillation probability on the IBM-Q Yorktown public quantum computer, we conclude with a brief discussion of how to include more complex phenomena including sterile neutrinos, matter effects, non-standard interactions, Lorentz symmetry violation, and decoherence within the quantum algorithm.
Two-flavor neutrino oscillation
Two-flavor neutrino oscillations involve a Hilbert space of two dimensions. This can be represented on a single qubit, via the basis choice:
The rotation into the flavor basis requires a unitary operation via the two-dimensional matrix. This reduced PMNS operator is defined such that |ν e = U 2x2 † PMNS |0 and |ν µ = U 2x2 † PMNS |1 . The most general unitary transformation applicable to a single qubit system, which must be able to support the 2×2 PMNS operation, is encoded in the IBM quantum computer by the three-parameter U3 gate:
For the two-neutrino system, oscillation probabilities depend only on one of the parameters of U3, for the following reasons 9 :
1. The parameter φ can be removed by a re-defininition of the |ν µ basis state via |ν µ → e −iφ |ν µ . This corresponds to re-phasing the charged muon field, under which the Standard Model Lagrangian is invariant. Without loss of generality, we can set φ = 0.
2. The parameter λ could similarly be removed by re-phasing the |ν 2 field, |ν 2 → e iλ |ν 2 . The Lagrangian is only invariant under this re-definition if the neutrinos are Dirac particles. If they are Majorana particles, on the other hand, this phase is physical and must be maintained in the Lagrangian. However, it can be shown the "Majorana phase" λ does not influence neutrino oscillations 36 and general oscillation probabilities can be calculated under the assumption λ = 0.
We thus connect to the conventionally defined 2 × 2 neutrino PMNS matrix and its adjoint, PMNS † , via the definition:
To prepare a neutrino flavor state, we can apply the PMNS operation either to the |0 state to prepare a |ν e , or to the |1 state to prepare a |ν µ . The input qubits in a quantum computation conventionally initialize to |0 , and the |1 state can be prepared by application of the Pauli-X gate, |1 = X|0 . The preparation of electron and muon neutrino flavor states, as well as m 1 and m 2 mass states in the two-flavor basis is shown in terms of quantum circuit elements in Fig. 1 .
Oscillation probabilities can be calculated by time-evolving the initial flavor state vector in with the appropriate timeevolution operator U and then measuring in the flavor basis. Only relative phases between mass states are relevant for oscillations, and so without loss of generality, we can measure all phases relative to the m 1 basis state. The time-evolution operation can thus be encoded in an S gate: Two-neutrino time evolution gate Two-neutrino state preparation
PMNS (t)
Three-neutrino PMNS Gate Three-neutrino time evolution gate 
Three-flavor neutrino oscillation
A three-flavor neutrino oscillation involves a Hilbert space of dimension three, requiring more than one qubit. The minimal representation can be encoded on two qubits, via a basis definition such as:
There is one redundant basis state, |ν X , in this representation. This could represent a fourth neutrino flavor in models with sterile neutrinos, but for the present example we will consider it as physically decoupled, and thus unphysical. As in the two-flavor case, to prepare a flavor state, we must apply the PMNS operation to an initial state in the computational basis:
Unlike in the two-neutrino example, however, creating a set of quantum gates to implement the PMNS operation on two entangled qubits is non-trivial. A real unitary two-qubit gate requires at least two CNOT and 12 elementary gates 37 for an entirely general representation. Constraints on the PMNS matrix due to re-phasing invariance may be expected to allow for a more compact representation. Following exploration of several possibilities, we constructed a parameterizable set of six real U3 gates acting on two qubits A and B, with two interspersed CNOT gates to reproduce the PMNS operation. To fix the free parameters of this arrangement, we map the circuit onto matrix multiplication in the computational basis, and perform a numerical fit to match its entries to the experimentally determined PMNS matrix elements 38 . We independently fit for the PMNS matrix and for its adjoint, which are both needed for oscillation computations. The PMNS and PMNS † operations are thus constructed as:
The best-fit parameters α,β ,γ,δ ,ε, and ζ (primed and unprimed) reproduce the measured PMNS and PMNS † elements within one part in 10 6 when no CP violating phase is present-comfortably within experimental uncertainty. This parameterization can be extended with two additional U3 gates and a CNOT in order to incorporate a Dirac CP phase with similar accuracy. Once the initial flavor state is prepared, the time-evolution operation U must be implemented. This is represented in the computational basis by U (t) = exp i diag 0, ∆m 2 12 t 2Eh , ∆m 2 23 t 2Eh , Φ , where Φ is an arbitrary phase that can be picked for convenience, since the fourth basis state is unobservable. A straightforward choice that can be implemented as one-qubit gates acting on A and B is:
where S A and S B are the S gates for qubits A and B, respectively. The complete quantum circuit for the oscillation calculation in the three-neutrino space comprises of state preparation, time-evolution and flavor measurement, and is shown in Methods Fig. 5 . This circuit can be run repeatedly to prepare qubits in flavor eigenstates, time-evolve them, and measure their flavor after propagation in order to establish oscillation probabilities. Since this is a substantially more complex circuit than the two-flavor case, gate errors and read errors are expected to be more prevalent. We correct for the effects of read errors in the final oscillation probability by applying an inverted error matrix in the computational basis, which accounts for decoherence and read errors in a statistical manner, based on qubit readout accuracy measured using runs with L/E = 0. More details on this procedure can be found in Methodsb. Figure 3 shows two example calculations of three-flavor oscillation probabilities given an initial muon neutrino beam. The first panel shows calculations at smaller L/E where the oscillation is effectively a two-flavor system. The second panel shows the behavior near the first oscillation maximum where three flavors ν e , ν µ , ν τ , are participating strongly. Good agreement with theory is observed in both regimes. In both cases, the electron flavor is slightly over-represented, potentially due to read and gate errors that are not entirely symmetrically distributed between flavors. The size of the effect is comparable to the statistical and systematic uncertainty, which receives contributions from: 1) accumulated gate errors, based on the ibmqx2 spec of ∼ 10 −3 per gate added in quadrature over 50 gates; 2) statistical uncertainty, from the finite number of evolutions (1024) used to establish the oscillation probability; and 3) the uncertainty on the read error corrections, quantified by comparing the non-physical transitions between the electron, muon, tau and X states at L/E = 0. After running the simulation and applying statistical error correction tuned in the sideband region of the calculation, strong agreement between the quantum and classical computations are obtained. 
Neutrino oscillations with new physics
In addition to standard neutrino oscillations, beyond-standard-model effects that have been searched for in neutrino oscillation experiments can be incorporated into the quantum circuit straightforwardly, by either a) extending the PMNS matrix and time-evolution operator to higher dimensionality or b) introducing new effects in the time-evolution term. Here we briefly review a few of these scenarios.
Sterile neutrinos
As we have seen, the incorporation of at least one additional basis state within the Hilbert space is mandatory, given a two-qubit realization. To use this state to represent an oscillating forth neutrino, as suggested by short baseline neutrino anomalies [39] [40] [41] [42] , two adjustments are required: 1) extension of the PMNS matrix to mixing in four dimensions, which is already achievable in our present parametrization, given appropriate gate coefficients; and 2) independent control of the phase of the |ν 4 = |11 mass state in the time evolution operator. This is necessarily an operation that involves entangling the two qubits, and so cannot be implemented on single-qubit gates only. A circuit that produces the required time evolution (an independently specified phase on each of |01 , |10 , and |11 ) is shown in Fig. 4 , top. This circuit configured with parameters 
will achieve the necessary four-state time evolution needed to implement quantum simulations of the four-flavor neutrino system extended for a single sterile neutrino.
Non-standard interactions and matter effects
The modelling of either standard 7, 8 or non-standard 43, 44 matter effects can be incorporated without changing the three-flavor oscillation quantum circuit, by adjustment of the input parameters that describe the PMNS and time-evolution operations in the modified matter basis. A discussion of the parametrizations that incorporate these effects is given in the Methods section.
Decoherence
Decoherence is a non-standard neutrino oscillation effect 20, 45, 46 that is often considered in connection with quantum gravity or spacetime foam models 47 . In decoherence scenarios, development of entanglements between parts of the neutrino wave function and an external environment lead to partial collapse of the wave function and suppression of oscillations. Decoherence can be manifest in various bases, depending on the degrees of freedom within the neutrino subsystem that the environment entangles with. Fig. 4 , bottom, illustrates a quantum circuit that implements decoherence in neutrino oscillations via generation of entanglements in the mass basis for small dt. In this circuit, an auxiliary qubit representing the environment acquires a small and time-dependent admixture of the |1 basis state, if and only if the second neutrino qubit is in a |1 state. Measurement of the environment qubit creates partial decoherence in the neutrino system. This example could model gravitational decoherence, or of flavour change through wave packet separation given a normal ordering of neutrino masses where one mass state is much heavier than the others. For large dt, the second qubit acquires a sufficient phase shift to make a full rotation and restore coherence. The process of continuous measurement during evolution for large dt is implemented by repeated circuit units of time evolution, entanglement and measurement operations.
Conclusions
We have demonstrated a quantum mechanical simulation of neutrino oscillations on a quantum computer, using both two-flavor and three-flavor systems. The two-flavor system has an almost trivial realization in the two-dimensional Hilbert space of a single qubit, with implementation of PMNS and time-evolution gates using individual single-qubit gates. The three-neutrino system, on the other hand, requires a more complicated quantum circuit, involving the entanglement of two qubits to produce a Hilbert space of four dimensions. A subspace of three of these states is used for the calculation. Our implementation of the 3×3 PMNS matrix on the two qubit space in terms of six general rotation gates and two CNOTs provides an accurate and economical realization of the PMNS operation within a quantum circuit. By choosing a phase convention such that phases are measured relative to ν 1 and allowing for phase freedom in the unphysical fourth basis state, the time-evolution operator can be implemented using two single-qubit gates. Quantum calculations using both the two-and three-flavor system agree with theoretical expectations for the neutrino oscillation probability within systematic and statistical uncertainty. Although in agreement, the calculation presented here is characteristically different to the classical computation of oscillation probabilities, since the qubits act as direct quantum analogues to the evolving neutrino flavor wave function. The system is prepared coherently, evolves forward in time unitarily, and has its wave function collapsed to measure the final flavor oscillations, just as in a neutrino oscillation experiment.
Analogues of real quantum systems inside quantum processors such as the one presented in this paper may eventually enable computations that surpass the capabilities of their classical counterparts. This is especially likely for strongly coupled or highly entangled systems, such as collectively oscillating neutrinos in supernovae, for example. Understanding how to translate simple and well-understood calculations into quantum circuits is a necessary first step toward realizing this goal. In this work, we have presented one such example, creating an analogue to two and three-flavor neutrino oscillations inside a publicly accessible quantum processor. This may be the first of many neutrino oscillation calculations to profit from the power of quantum information processing technologies.
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Methods
Running quantum computation on ibmqx4
Computations were run on the IBM publicly accessible quantum computer ibmqx4 (Yorkville). The two least read-error-prone qubits on this five qubit machine that could be connected by the appropriate logic gates within the allowable topology were chosen to support the computational basis. At the time of writing these were qubits 0 and 2, with reported gate errors of 0.77×10 −3 and 1.03 ×10 −3 , and read errors of 7.6% and 2.9% respectively, and a mulit-qubit read error of 2.21%.
It is difficult to convert such gate-wise error specifications into an expected calculational accuracy, so we instead opted to measure the accuracy directly by running L/E = 0 simulations. Some contribution to the error budget is expected from errors that accumulate only when the time evolves a finite amount, so we conservatively associate an additional contribution for gate error on top of that measured from unoscillated points. The complete quantum circuit as implemented on ibmqx4 is shown in Supplementary Fig. 5 . This was run with 1024 shots to establish the survival probability, and the statistical error associated with this count is included in our uncertainty budget.
As well as access to the quantum processor, the IBM website offers a quantum simulator tool to simulate the circuit before running it. In all cases, simulations agreed near perfectly with theoretical expectations. This suggests that wherever the data show small differences from theoretical expectations, these are to be attributed to the imperfections of the quantum processor.
Fitting the PMNS matrix gate parameters
The fit to the PMNS matrix is made by gradient minimization over six parameters. We minimize the sum of squared residuals of each of the elements of the matrix. The final fit converges to the true PMNS matrix within one part in 10 6 for every element, comfortably within experimental uncertainty. The input values of the PMNS matrix used in the fit are from 38 
The bottom row represents a decoupled, unphysical state, but is necessary to span the four-dimensional Hilbert space represented by two qubits. The best-fit parameters from fitting the PMNS and PMNS † matrices in the computational basis are: This gate configuration will apply the PMNS rotation to any state prepared in the mass basis, as defined in this work.
Correcting for bit flips and decoherence
Some random qubit readout errors are naturally expected for any quantum computation. However, we can correct our final distributions against some of these information losses statistically. We consider that there is some average probability f that a Measurement PMNS PMNS † Construct ν μ (t) Figure 5 . Three-flavour neutrino oscillation experiment as run on the IBM quantum computer.
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bit will be flipped leading to an incorrect flavor measurement, which is approximately uniform across qubits. Then, the effect on the final distribution of events in (ν e ,ν µ ,ν τ ,ν X ) space is to multiply final state distributions by a matrix M:
The form of M can be understood by considering that spurious transitions ν µ ↔ ν e , ν τ ↔ ν e , ν τ ↔ ν s and ν µ ↔ ν s require only one qubit flip in the final read, whereas spurious transitions ν e ↔ ν s , ν µ ↔ ν τ require two. f can be measured by examining the rate of spurious transitions at L/E = 0 where no physical oscillation effects are expected, and any transformation must be associated to spurious bit flips. The quantum simulator predicts zero transformation at L/E = 0, whereas we find the quantum computer gives random some transformations, consistent with f ∼ 10% with ∼1% uncertainty depending on which transformation channel is used to constrain f . With f measured, we can invert M and apply this inverted matrix to correct the final probability distributions. This correction is applied in order to obtain our final data / theory comparisons, and the uncertainty associated with the measurement of f is also propagated through the procedure.
Incorporation of matter potentials and non-standard interactions
When neutrinos travel through a medium they experience a potential produced by coherent-forward scattering with electrons, protons, and neutrons. The potential sourced by protons and neutrons is the same for all neutrino flavors, and thus induces an overall phase in the neutrino system evolution. The electron charged-current potential is flavor asymmetric, producing an observable modification in the neutrino oscillation probability. The matter potential can be written in the flavor basis as
where G F is the Fermi constant and N e is the electron number density. Then the total neutrino Hamiltonian can be written as
The Hamiltonian can be diagonalized by a unitary transformation, U m , that relates the flavor basis to the Hamiltonian eigenstates, and a diagonal matrix, ∆, which contains the energy eigenvalues. In a two flavor system, U m can be written as a 2 × 2 rotation matrix analogous to vacuum case 3, where the rotation angle is given by
where ∆ = ∆m 2 /(2E) and θ 0 is the vacuum mixing angle. The relevant Hamiltonian eigenvalue difference is given by
Thus the matter modification does not require a new quantum circuit; we can simply replace the vacuum mixing angle and eigenvalue for the expressions given above. For the case of the three-neutrino scenario exact expressions for the effective mixing angles and eigenvalues are lengthy, but can be readily found by numerical diagonalization. Effects of the standard neutrino matter potential have been observed with natural sources, e.g. in Solar neutrino experiments, and with human-made sources, e.g. in accelerator neutrinos experiments. Deviations from the standard potential can be due to new forces that manifest themselves as vector or scalar interactions. These have been constrained by searches of anomalous neutrino flavor changing and, more recently, in coherent-scattering neutrino experiments. The status of recent constraint on non-standard interactions can be found in Ref. 48 , where the constraints are given relative to the weak-force strength, G F , and flavor dependent coefficients, ε αβ . Depending on the target and the flavor structure these are constrained from O(1%) to O(10%). The effects of vector non-standard interactions can also be calculated using a quantum processor by using PMNS gate with effective matter potential mixing angles. The appropriate angles and eigenvalues can be determined by diagonalizing the following Hamiltonian in (16) 
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Incorporation of Lorentz Violation
The Standard Model (SM) of particle physics 49 can be thought as an effective field theory towards a grand unified theory of nature 50 . In many extensions of the SM, Lorentz symmetry is broken. Neutrinos, as natural interferometers, are extremely sensitive to high-scales where Lorentz Violation (LV) may be manifest. In fact, neutrinos have some of the strongest constraints on LV non-renormalizable operators 24 . Calculations of oscillation probabilities in the presence of LV can be performed using the quantum circuits presented in this paper. LV can be incorporated in the neutrino Hamiltonian in the following way:
whereã d (c d ) is a matrix that contains the strength of interaction between the neutrino and a Lorentz violating field produced by a CPT even (odd) effective operator of dimension d. Similarly to the case of matter interactions, this Hamiltonian can be diagonalized numerically in order to obtain appropriate effective mixing angles and frequencies. One can then use the PMNS quantum gate and evolution operators discuss in the main text.
